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Abstract
LetG be a ﬁnite (additivewritten) abelian group of ordern. Letw1, . . . , wn be integers coprime to n such thatw1+w2+· · ·+wn ≡
0 (mod n). Let I be a set of cardinality 2n − 1 and let  = {xi : i ∈ I } be a sequence of elements of G. Suppose that for every
subgroup H of G and every a ∈ G,  contains at most 2n − n|H | terms in a + H .
Then, for every y ∈ G, there is a subsequence {y1, . . . , yn} of  such that y = w1y1 + · · · + wnyn.
Our result implies some known generalizations of the Erdo˝s–Ginzburg–Ziv Theorem.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Zero-sum problems have recently received great attention. Several results are now known about the existence of
subsequences summing 0. These questions are related to the factorization theory [13] and to the zero-sum additive
theory [31]. Recently, Gao and Geroldinger [14] gave a nice and structured survey on zero-sum problems as an update
of the ﬁrst survey on zero-sum theory by Caro [6] that appeared in 1996.
Let G be an abelian group of order n2, and let  be a sequence of elements of G of length 2n−1. The set of sums of
the n-subsequences (i.e. subsequence of length n) of will be denoted by n∧.The Erdo˝s–Ginzburg–Ziv Theorem [7,8]
states that 0 ∈ n∧. The Erdo˝s–Ginzburg–Ziv Theorem has been generalized in several directions. Olson proved in [32]
that n∧ contains a non-null subgroup if no value is repeated n+1 times. Some authors investigate the conditions of the
existence of n-subsequences summing zero for sequences of length< 2n−1, c.f. [1,2,4,5,9–11,15,23,26,27]. Weighted
generalizations are given in [6,20–22,25]. Let D(G) be the Davenport constant i.e. the least positive integer t such that
every t-sequence contains a subsequence with zero-sum. Gao [12] obtained a relation between the Erdo˝s–Ginzburg–Ziv
Theorem and the Davenport constant. Recently lower bounds on |n∧ |, assuming 0 /∈ n∧  are given in [3,24]. Ordaz
and Quiroz in [34] study the Olson constant O(G) and the strong Davenport constant SD(G), both constants are related
to the Davenport constant and the zero-free sets. They show that SD(G)O(G)SD(G) + 1 and give a very large
 Supported in part by CRIPTOSUM CDCH project PG 03006498-2006.
∗ Corresponding author.
E-mail address: ﬂosav@cantv.net (O. Ordaz).
0012-365X/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2007.06.037
3316 O. Ordaz, D. Quiroz /Discrete Mathematics 308 (2008) 3315–3321
class of groups verifying SD(G) = O(G). In [19,20] Grynkiewicz develops a theory of the partitioning sequences
into sets and then derives the weighted version of the Erdo˝s–Ginzburg–Ziv Theorem, conjectured by Caro [6]. Also
in [19,16–18] Grynkiewicz gives a composite analog Cauchy–Davenport Theorem that encompasses results of Mann
[30], Olson [33], Bollobás and Leader [3], and Hamidoune [24]. This theorem is applied to prove important conjectures
on zero-sums that have remained open for a long time.
The condition for the representation of the whole group as sums of subsequences from a given sequence is the main
goal of this paper.
Assuming that no element is repeated n + 1 times, Mann proved in [29,30] that n ∧ = G, if n is a prime. In [33],
Olson generalized Mann’s result to any ﬁnite abelian group, he proved that if for every subgroup H and every a ∈ G,
a + H contains at most 2n − n|H | terms of a sequence  of length 2n − 1, then n ∧  = G. Gao in [12] generalized
Olson’s result showing that:
Let  be a sequence of length n + D(G) − 1. Suppose that for every subgroup H of G and every a ∈ G, a + H
contains at most n + D(G) − n|H | terms of . Then n ∧ = G.
In this paper we generalize the Olson Theorem and in some case we obtain the Gao result. Also we give the following
related conjecture:
Conjecture 1. Let G be an abelian group of order n. Let  = {xi : i ∈ I } be a sequence of elements of G such that
|I | = n + D(G) − 1. Let w1, . . . , wn be integers coprime relative to n such that w1 + w2 + · · · + wn ≡ 0 (mod n).
Moreover for every subgroup H of G and a ∈ G, a + H contains at most n + D(G) − n|H | terms of .
Then for every y ∈ G, there is a subsequence {y1, . . . , yn} of  such that y = w1y1 + · · · + wnyn.
In this paper we obtain the condition of representation of all elements of G as a sum of some subsequence of .
The main result is the following:
Let I be a set of cardinality 2n−1. Letw1, . . . , wn be integers coprime relative to n such thatw1+w2+· · ·+wn ≡ 0
(mod n). Let = {xi : i ∈ I } be a sequence of elements of G verifying the following condition:
For every subgroup H of G and a ∈ G, |{i ∈ I : xi ∈ (a + H)}|2n − n|H | .
Then for every y ∈ G, there is a subsequence {y1, . . . , yn} of  such that y = w1y1 + · · · + wnyn.
Moreover, we mention how this result implies some known generalizations of the Erdo˝s–Ginzburg–Ziv Theorem.
Let  be a sequence of elements of G with length mn. We show also that G= (1 ∧ )∪ · · · ∪ (m∧ ) if for every
subgroupH = G,  contains n|H | −1 elements not in H. An example is given showing that this result is the best possible.
2. Some preliminaries
Let us ﬁrst introduce few deﬁnitions.
Let G be an abelian group and let  = {xi : i ∈ I } be a sequence of elements of G. For 0j , the set of sums of all




x |T ⊂ I and |T | = j
}
.
The set of sums of all subsequences (including the empty one) is






As usual we write
() = (1 ∧ ) ∪ · · · ∪ (|I | ∧ ).
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Moreover, () = 0() if and only if 0 is the sum of a non-empty subsequence.
Let A be a set in an abelian group G, then we denote St(A)={g ∈ G : g+A=A}. Moreover, A is H-periodic where
H is a subgroup of G, if we have A = A + H . We use the following well-known lemma.
Lemma 2 (Kneser [28]). Let A1, . . . , Ar be ﬁnite subsets of an abelian group G, put V = A1 + · · · + Ar , and let
H = St(V ). Then
|V | |A1 + H | + · · · + |Ar + H | − (r − 1)|H |.
We shall use the following result.
Theorem 3 (Hamidoune [21]). Let  be a (2n−1)-sequence of elements of an abelian group of order n, where no ele-
ment is repeated n+1 times. Let w1, . . . , wn be integers coprime relative to n. Then there are a1, . . . , a2n−1−s , b1, . . . ,
bs ∈ G verifying the following conditions:
(i)  may be ordered as {a1, . . . , a2n−1−s , b1, . . . , bs}.
(ii) |w1{a1, b1} + · · · + ws{as, bs}|s + 1.
(iii) a1, . . . , a2n−1−s ∈ a + Q, where Q = St(w1{a1, b1} + · · · + ws{as, bs}).
This result is adapted to sequences of length 2n − 2 in [23,24].
We use also the following easy lemma.
Lemma 4. Let E be a ﬁnite set of cardinality n. Let  be an m-sequence of elements of E such that m2n − 1, also
assume that no element of E is repeated m− n+ 2 times in . Then  has a (2n− 1)-subsequence, no element of which
is repeated n + 1 times.
Proof. Let z1, z2, . . . , zj be the distinct values present in . For every i, denote by v(zi) the number of repetitions of the
value zi in .We shall assume that v(z1) · · · v(zj ). If v(z1)n, then every (2n−1)-subsequence veriﬁes the lemma.
So assume v(z1)n+ 1. Now we have v(z2)+ · · · v(zj )m− (m− n+ 1)n− 1. Now any (2n− 1)-subsequence
with z1 repeated exactly n times satisﬁes the lemma. 
3. Subsequence sum
Let ={xi : i ∈ I } be a sequence of elements of an abelian group G of order n. In order to have 0()=G,  cannot
contain too many elements of some subgroup = G.
Theorem 5. Let G be an abelian group of order n. Let  = {xi : i ∈ I } be a sequence of elements of G verifying the
following condition:
(C0) For every subgroup H of G, |{i ∈ I : xi /∈H }|	 |I ||H | − 1
.
Then
|0()| min{n, |I |}.
Proof. LetH =St(0()),m=	 |I ||H | −1
. Assuming |H |2, otherwise we have |I |=m+1 and then applying Lemma
2 to 0() =∑i∈I {0, xi} the theorem follows. Let S be a 2m-subsequence of  and set f (S) = |{xi ∈ S : xi ∈ H }|.
Let S0 be such that f (S0) = min{f (S) : 2m − subsequence S of }, considering two cases:
Case 1: If f (S0)>m. Hence S0 contains at least m+1 terms ofH.ByC0 we have |{i ∈ I : xi /∈H }|)m. Therefore,
there exists x1 ∈  − S0 such that x1 /∈H . Let us choose x0 ∈ S0 such that x0 ∈ H, and replace the term x0 by x1 in
S and denote the resulting sequence by S1. Clearly S1 is a 2m-subsequence of  and f (S1)< f (S0), contradicting S0
minimality.
Case 2: If f (S0)m. Set S0={a1, a2, . . . , am, b1, b2, . . . , bm} such that bi /∈H andBi={0}∪({ai, bi}). Assuming
−S0={c1, c2, . . . , ck}with k=|I |−2m andBm+1={0}∪({c1, . . . , ck}). Clearly0()=B1+B2+· · ·+Bm+Bm+1.
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Using Lemma 2 we have |0()|= |B1 +B2 +· · ·+Bm +Bm+1| |B1 +H |+ |B2 +H |+ · · ·+ |Bm +H |+ |Bm+1 +
H | − m|H |2|H | + 2|H | + · · · + 2|H | + |H | − m|H | = (m + 1)|H | = |I |. 
Corollary 6. Let G be an abelian group of order n. Let = {xi : i ∈ I } be a sequence of elements of G verifying the
following condition:
(C0) For every subgroup H of G, |{i ∈ I : xi /∈H }|	 |I ||H | − 1
.
If |I |n then () = G.
Proof. Directly from Theorem 5 and Prehistorical Lemma. 
One may construct a very long sequence  not satisfying condition (C0) such that 0() = G.
Example 7. Choose a subgroupH = G and x1, . . . , xt ∈ H . Put |G|= |H |q. Take y ∈ G\H . Choose y1, . . . , yq−2 ∈
y + H . Put = {x1, . . . , xt , y1, . . . , yq−2}.
One may see easily that 0() ⊂ H ∪ y +H ∪ · · · ∪ (q − 2)y +H . Hence 0() = G. Therefore, Example 7 shows
that Corollary 6 is sharp in some sense.
4. n-Subsequence sum
We investigate in this section the condition of validity of the equality n ∧  = G. In order to have this relation, we
need to exclude sequences concentrated on a coset of a subgroup = G.






wixi |{x1, . . . , xn} is an n − subsequence of 
⎫⎬
⎭ .
We shall assume w1 +w2 + · · · +wn ≡ 0 (mod n), in order to have w ∧ =w ∧ (− a) for all a, where − a denote
the translation of  with −a.
Theorem 8. Let G be an abelian group of order n and let I be a set of cardinality 2n − 1. Let w1, . . . , wn be integers
coprime relative to n such that w1 + w2 + · · · + wn ≡ 0 (mod n). Let = {xi : i ∈ I } be a sequence of elements of G
verifying the following condition:
(Cn) For every subgroup H of G and a ∈ G, |{i ∈ I : xi ∈ (a + H)}|2n − n|H | .
Then for every y ∈ G, there is a subsequence {y1, . . . , yn} of  such that y = w1y1 + · · · + wnyn.
Proof. Observe that condition (Cn) applied with H = {0}, implies that no element of  is repeated n + 1 times. By
Theorem 3, there are a1, · · · , a2n−1−s , b1, · · · , bs ∈ G verifying the following conditions:
(i) {a1, . . . , a2n−1−s , b1, . . . , bs} is an ordering of .
(ii) |w1{a1, b1} + · · · + ws{as, bs}|s + 1.
(iii) a1, . . . , a2n−2−s ∈ a2n−1−s + Q, where Q = St(w1{a1, b1} + · · · + ws{as, bs}).
Put w = (w1, · · · , wn), since w ∧  is invariant under translation, we may suppose without loss of generality that
a2n−1−s = 0.
Observe that
w1{a1, b1} + · · · + ws{as, bs} + ws+1as+1 + · · · + wnan−s ⊂ w ∧ .
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We may assume Q = G, since otherwise the result holds clearly.
Let  be the canonical morphism from G onto G/Q. We shall show that {wi(bi) : 1 is} veriﬁes condition (C0)
with respect to G/Q. Let M be a subgroup of G/Q. Put m = |M| and |Q| = q. Notice that s n
q
; otherwise, using
Theorem 3(iii) we arrive at a contradiction with condition (Cn).
By elementary group theory, Q ⊂ −1(M) and |−1(M)| = qm.
By (Cn), |{i ∈ I : xi /∈−1(M)}| nmq − 1.
Notice ai ∈ Q, for all i. It follows that
|{i ∈ {1, . . . , s} : bi /∈−1(M)}| n
mq
− 1.
It follows that |{i ∈ {1, . . . , s} : (bi) /∈M}| nmq − 1.
Assume gcd(t, n) = 1. It is well known that t(bi) ∈ M if and only if (bi) ∈ M.
It follows that |{i ∈ {1, . . . , s} : wi(bi) /∈M}| nmq − 1. Let x ∈ G. By Corollary 6, there is J ⊂ {1, . . . , s} such
that (x) =∑i∈Jwi(bi). Hence x −∑i∈Jwibi −∑i /∈Jwiai ∈ Q. It follows that
x ∈ w1{a1, b1} + · · · + ws{as, bs} + ws+1as+1 + · · · + wnan−s + Q.
Since w1{a1, b1} + · · · + ws{as, bs} + ws+1as+1 + · · · + wnan−s is Q-periodic, we have x ∈ w1{a1, b1} + · · · +
ws{as, bs} + ws+1as+1 + · · · + wnan−s ⊂ w ∧ . 
One may construct a very long sequence  not verifying condition (Cn) such that n ∧  = G.
Example 9. Choose a subgroup H = G and a ∈ G. Let x1, . . . , xt ∈ H +a. Put |G|= |H |q. Take b /∈ a+H . Choose
y1, · · · , yq−2 ∈ H + b. Put = {x1, . . . , xt , y1, . . . , yq−2}.
It is easy to see that n ∧  ⊂ H ∪ y + H ∪ · · · ∪ (q − 2)y + H . It follows easily that n ∧  = G. Example 9 shows
that Theorem 8 is best possible.
Corollary 10 (Olson [33]). Let G be an abelian group of order n and let I be a set of cardinality 2n− 1. Let = {xi :
i ∈ I } be a sequence of elements of G verifying the following condition:
(Cn) For every subgroup H of G and a ∈ G, |{i ∈ I : xi ∈ (a + H)}|2n − n|H | .
Then n ∧ = G.
Proof. We apply Theorem 8, with wi = 1 for all i. 
We need the following result which is strictly equivalent to Erdo˝s–Ginzburg–Ziv Theorem [8].
Corollary 11 (Erdo˝s et al. [8]). Let G be an abelian group of order n and let I be a set of cardinality  tn− 1, where
t2. Let = {xi : i ∈ I } be a sequence of elements of G. Then there is a partition I = I1 ∪ · · · ∪ It such that for every
1 i t − 1,




Proof. The proof is by induction on n, the result being obvious for n2. We may assume n∧  = G. By Theorem 8,
there is a subgroup H = G and a ∈ G such that |{i ∈ I : xi ∈ (a+H)}|2n− n|H | + 1. Without loss of generality we
may assume a=0. Put |H |=h, n=q|H | and J ={i ∈ I : xi ∈ H }. We have |J |2n−q+1=(2h−1)q+1>(q+1)h.
We may assume h> 1, otherwise 0 is repeated n+1 times, and the result holds trivially. By the induction hypothesis
applied to H, there is a partition I = I1 ∪ · · · ∪ Iq+1 such that for every 1 iq,










The result follows for t = 2. The case t > 2 follows easily from the case t = 2. 
We show below how Theorem 8 implies a weighted generalization of a result due to Olson [32] which extends the
Erdo˝s–Ginzburg–Ziv Theorem.
Corollary 12 (Hamidoune [21]). Let G be an abelian group of order n2 and let I be a set of cardinality 2n− 1. Let
w1, . . . , wn be integers coprime relative to n such that w1 + w2 + · · · + wn ≡ 0 (mod n). Let  = {xi : i ∈ I } be a
sequence of elements of G. Also assume that for every x ∈ G, |{i ∈ I : xi = x}|n. There is a non-null subgroup M
that for every y ∈ M , there is a subsequence {y1, . . . , yn} of  such that w1y1 + · · · + wnyn = y.
Proof. The proof is by induction on n, the result being obvious for n = 2. Set w = (w1, . . . , wn). We may assume
w ∧  = G. By Theorem 8, there is a subgroup H = G and a ∈ G such that |{i ∈ I : xi ∈ (a + H)}|2n − n|H | + 1.
Without loss of generality we may assume a=0. Put |H |=h, n=q|H | and J ={i ∈ I : xi ∈ H }. Put ={xi : i ∈ J }.
We have |J |2n− q + 1= (2h− 1)q + 1. We have h> 1, otherwise 0 is repeated n+ 1 times against our assumption.
By Corollary 11, there is a partition {1, . . . , n}=J1 ∪ · · · ∪Jq such that∑j∈Jiwj ≡ 0 (mod h), for all 1 iq − 1.
It remains to show that
∑
j∈Jqwj ≡ 0 (mod h). This follows since
∑
j∈Jwj ≡ 0 (mod n).
Therefore the sequence {w1, . . . , wn} may be reordered as {wij : 1 iq, 1jh}, where for all 1 iq,∑
1 jhwij ≡ 0 (mod h).
Put Wi = {wi1, . . . , wih}.
By Lemma 4, there is J ′ ⊂ J , such that |J ′| = 2|H | − 1, and such that no element of ′ = {xi : i ∈ J ′} is repeated
h + 1 times. By the induction hypothesis applied with W1 to sequence ′ = {xi : i ∈ J ′}, there exists a non-null
subgroup M such that for all elements of M, say y, there is a subsequence of ′, say X1 ={x11, · · · , x1h} of , verifying
w11x11 + · · · + w1hx1h = y.
Let  be the sequence obtained by removingX1 from . Let us construct a subsequence of , sayX2 ={x21, . . . , x2h},
withw21x21+· · ·+w2hx2h=0. This construction is certainly possible if  contains an element repeated h+1, the other
case follows by the induction hypothesis. By iterating this procedure we construct for all 2 i a subsequence Xi of the
sequence obtained from  by removing {X1, . . . , Xi−1} such that Xi = {xi1, . . . , xih} and wi1xi1 + · · · + wihxih = 0.
Notice that  has at least (2h − 1)q + 1 elements in H.
The result follows since
∑
1 iqwi1xi1 + · · · + wihxih = y. 
Corollary 13 (Hamidoune [21]). Let G be an abelian group of order n and let I be a set of cardinality 2n − 1. Let
w1, . . . , wn be coprime integers relative to n such that w1 + w2 + · · · + wn ≡ 0 (mod n). Let  = {xi : i ∈ I } be a
sequence of elements of G. Then there is a subsequence {y1, . . . , yn} of  such that w1y1 + · · · + wnyn = 0.
Proof. The result follows easily from Corollary 12. 
It is conjectured by Caro [6] that Corollary 13 holds without the assumption that wi is coprime with n. Recently
Grynkiewicz [20] shows that Caro’s conjecture is true.
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